Representation and the Computation of Long Distance
Tone Processes

Tajudeen Mamadou and Adam Jardine
Rutgers University

1 Introduction

The broad question investigated in this paper pertains to the computational nature of tone and the
interplay between representation and computation. We argue that enhancing representation, while fixing
the logical power of computation, provides a better characterization of the computationally complex tone
processes noted in Jardine (2016). Jardine shows that some tone processes are more computationally complex
than segmental processes by giving a number of examples of unbounded circumambient (UC) processes,
in which triggers or blockers can be arbitrarily far away on either sides of any target. Unbounded Tone
Plateauing (UTP) in Luganda (Hyman & Katamba, 2010) is one example of a UC process. In UTP, H(igh)
tones on either side of an unbounded span of toneless TBUs form a single H-toned plateau, as in (1).

@) tw-da-1db-w-awal usimbi — tw-44d-1db-w-awdlusimbi ‘We saw him, Walusimbi’
I \ ———7
H H H H

UC processes are not subsequential, a class of functions that can be computed over deterministic finite-
state transducers (Mohri, 1997) that has been argued to form a tight bound on segmental phonology (Heinz
& Lai, 2013; Heinz, 2018). We show that extending a logical notion of subsequentiality to autosegmental
representations (ARs; Goldsmith 1976) allows us to capture long distance tone processes, including but not
limited to the UC ones, thus providing a sufficiently expressive, yet restrictive characterization of tone. In
other words, fixing the logical power while enhancing the representation captures complex processes in a
restrictive way (see also Jardine & Heinz 2016).

Logical transductions allow a representation-independent notion of complexity. We use a combination
of the quantifier-free logical transductions, which identify local structures (Lindell & Chandlee, 2016), and
the least fixed point operators (Libkin 2004), which identify local structures in the output. Over strings, the
resulting quantifier-free least fixed point (QFLFP) is a subset of the subsequential class (Chandlee & Jardine,
2019b). Koser et al. (2019) used QFLFP to describe tone-TBU associations as local processes in the output.
This paper achieves two main things: on one hand it extends the notion of subsequentiality to the otherwise
non-subsequential long distance tone processes using QFLFP and on the other hand highlights the important
role of an enriched representation in the computation of tone.

2 Logical definitions of maps

2.1 String models, logic and logical transductions Following Koser et al. (2019), we characterize
autosegmental representations as association functions and long distance tone processes as logical transduc-
tions over a given signature, i.e a collection of all relations and functions in a representation. Two types of
relations are relevant with autosegmental representations: (1) an association relation, a line that associates
elements of one tier to elements of another tier, and (2) a linear order, which specifies the order between
elements of the same tier. In model-theoretic terms, we represent association and order with three unary
functions—association, predecessor, and successor—and a series of unary relations that specify the labels of
each position.

* Special thanks to the participants of Jardine’s spring 2019 seminar on logical characterizations of long-distance patterns
at Rutgers and the members of the Rutgers Math Ling for their contributions to this paper.
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Strings on each tier are made of one or more symbols that assume a given position on that tier. For
instance, in the string abce shown in (2), the symbol a occupies position 1, b position 2, the first ¢ position
3, and the second c position 4. In the diagram in (2), the top, right-pointing arrows represent the successor
function and the bottom, left pointing ones represent the predecessor.

> (@)
1

2 3 4

Symbols in a string have properties, such as the property of being a ¢ or the property of occupying
position 3, or that of being a c in position 3. It is these properties that unary relations refer to. As such, a
and b are labels of positions 1 and 2, respectively. The order functions predecessor (p) and successor (s) take
positions as inputs and outputs. Thus, given the string abce, p(2) = 1 and s(2) = 3. That is, the predecessor
of position 2 is position 1 and the successor of position 2 is position 3.

We then extend string models to autosegmental representations by adding an association function « that
connects two distinct strings. The below shows a string hl and a string abcc in which h has been associated
to both £ and [.

HOBOWmOWm0O
2 3 4
5 6

In (3), a(1) = 6 and «(2) = 6. Note that with association as a function, and not a relation as is usual
(see, e.g., Kornai 1995) our ability to represent contours seems limited, but functions allow us to capture long-
distance patterns. In §4, we discuss how to derive both long-distance patterns and contours using functions.

We can use logical transductions to define input-output mappings in the following way. For example,
consider an association rule like the one represented in (3), where the symbol A in the string h/ on a given tier
associates to a or a b that immediately follows an a on another tier. Note that no association exists between
the symbols of the string hl and abcc in the input but upon its application, the association rule outputs a
partially associated structure between the autosegments as shown in (4).

@ abce abce
V
hi ~ hl

To capture the association rule in (4) using logical transductions, we needs an input signature S; =
{P,, Py, Py, P;,p} and an output signature S, = {P,, Py, Pn, P;,p,a’}. Transductions list the conditions
that need to be true (on the right of the equal sign) for x (a variable of the timing tier representing TBUs)
and y (a variable of the tonal tier representing tones) to be associated on the surface. Surface associations are
represented as o’ (z) = y. The transduction in (5) is written in the logical language of the input signature
from which basic predicates are drawn. These basic predicates can be connected with the standard boolean
connectives such as conjunction (A), disjunction (V), negation (—), and implication (—).

def
5) d(x)~y = (Palz) NPu(y))V (Bo(x) A Pu(y) A Pa(p(x)))
(@ (49)

The transduction above has two disjunctions and reads as follows: x and y are associated in the output
if z is an @ and y is a h in the input (i.e if = and y satisfy P,(x) A Pp(y)) or if z is a b, y is a h and the
predecessor of z is an a (i.e if they satisfy Py(x) A P,(y) A P.(p(x))). This guarantees that h will only be
associated to an a and to a b that is preceded by an a. Since [ was not referenced in the definition, it does
not participate in the association process in (4). We now turn to cases with iterative applications of a rule and
how they are QFLFP-definable.
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2.2 Quantifier-Free Least Fixed Point Operators QFLFP operators (Chandlee & Jardine, 2019b) are
made up of two parts, a quantifier-free (QF) part and a least fixed point (LFP) part. As the name suggests,
a quantifier-free logic does not use quantifiers in its syntax; that is, when new variables are introduced, they
are neither bound with 3 nor with V, they remain free. For this reason, QF logic can only refer to a local,
fixed-size window around a given position and not to positions that are unboundedly far away. Lindell &
Chandlee (2016) shows that QF transductions correspond exactly to Input Strictly Local functions, which are
computable with deterministic finite state machines that only reference a local position in the input. When
extended with the least fixed point logic (Libkin, 2004), the resulting QFLFP corresponds to a subset of
subsequential functions, namely the Output Strictly Local (OSL) functions (Chandlee & Jardine, 2019b).
OSL functions capture the iterative character of output-based locality, where targets of a given process are
within a local window relative to their triggers in the output.

We follow Koser et al. (2019) in using Rogers (1997)’s implicit definitions as a shorthand for the full
QFLFP formalism (Chandlee & Jardine, 2019b). Implicit definitions simply reference the object being
defined in its own definition.

To illustrate, let’s consider tone spreading in Ndebele, where a H tone spreads unboundedly to any
number of TBUs until the antepenultimate syllable (Sibanda, 2004; Hyman, 2011) as shown in (6).

(6) Ndebele Tone Spread (adapted from Hyman 2011; bolding added to highlight H-toned TBUs.)

Input Output Gloss

a. Mi-ku-hlek-a/ u-ku-hlek-a ‘to laugh’

b. /4 -ku-hlek-is-a/ u-ka-hlé k-is-a ‘to amuse (make laugh)’
c. /a -ku-hlek-is-an-a/ u-kiu-hlé k-is-an-a ‘to amuse each other’

The formula in (7) and (8) are disjuncts of a QFLFP transduction for the unbounded spread in Ndebele,
where = and y are variables ranging over positions on the timing and melody tiers, respectively. Each part (a
disjunct in this case) is a condition of association, one of which needs to be true before = can be associated
to y in the output.

D afz) =y

The first disjunct shown in (7) above states that a tone and a TBU must be associated to each other in the
input for them to be associated in the output as shown in (9-1).

®) o (p(x)) =~y A-(pen(z) V last(x)

The second disjunct in (8) states that the predecessor of the TBU must be associated to the tone in the
output and that the TBU can neither be the penult nor the last TBU on the timing tier, as shown in (9-ii).

) Ko o pkpppp o ppppp L ppppp Ko
\ (ON LGN e L P o b
H H H H H
(input) (output)

So, for a tone to be associated to a TBU, either the disjunct in (7) or that in (8) must be true. The full
definition is shown in (10) below.

g
R
2

Q

(10) o'(z)~y y) V(' (p(x)) = y A ~(pen(z) V last(x))

(@) (@)

Note that because the second disjunct refers to the output, any string position after H is guaranteed to
be outputted as H, regardless of how far away it is from the trigger in the input. This is what it means for
the iterative application of a rule to be QFLFP-definable, a restrictive (because it makes no use of quantifier),
yet sufficiently expressive to model long distance processes. In the sections below, we elaborate on how
to incorporate multi-tiered representation into QFLFP logic, in order to derive, among other processes, the
UC processes which have been established to be properly regular over strings (see Jardine 2016 for details).
Furthermore, the section also highlights the importance of underlying associations in UC processes.
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In the Ndebele example and the examples that follow in §3, knowing which tone-TBUs are underlyingly
associated is key in determining where a given span starts and where it ends. In §3, we present analyses
of different long distance tone processes using the schema as in (10). The processes include, in addition to
the unbounded spreading in Ndebele (Sibanda, 2004; Hyman, 2011; Chandlee & Jardine, 2019a) discussed
above, the unbounded anticipatory upstep in Amo (Hyman, 1979, 2011), UTP in Luganda (Hyman &
Katamba, 2010) and Ternary Tone Spread in Copperbelt Bemba (Bickmore & Kula, 2013). The boldings
in the different examples are our own addition.

3 Analyses

The transductions in each of the cases presented below capture the tone process of interest in that
language. Again, transductions list the conditions that need to be true for x (a variable of the timing tier
representing TBUs) and y (a variable of the tonal tier representing tones) to be associated on the surface. p(x)
still indicates the immediate predecessor of x, and s(z), its successor. a(x) (without apostrophe) indicates
the element to which z is associated in the input, and «’(x) (with apostrophe) indicates the element to which
x is associated in the output. Custom predicates like first(z), pen(z) and last(z), respectively indicates
that x is the first, penult and last element on its tier (Koser et al., 2019).

In the analyses below, we assume that any tones that are not associated to some TBU in the output
are deleted. This is for expositional simplicity, and is not crucial to the analysis. To see how deletion is
accomplished in logical formalisms, see, e.g., Strother-Garcia (2017).

3.1 Unbounded Anticipatory Upstep (UAU) in Amo Amo (Benue-Congo, Nigeria) has an anticipa-
tory upstep process whereby a H tone upsteps in anticipation to a phonemic downstep that can be unboundedly
far ahead (Hyman, 2011, 1979) as shown in (11). This anticipatory upstep affects a whole series of H tones
preceding the anticipated *H. We assume that the downstepped H (*H) has either phonologized or is derived
through a downstep process whose output feeds the current anticipatory upstep. The data is presented in (11).

(11) Anticipatory Upstep in Amo (Hyman, 1979, 2011)

Input to UAU Output Gloss
a. kité uk35mi findwa kité uk33mi findwa ‘the place ...of the animal’
b. kité dk3smi fika*1é ki*té dk55mi fika‘lé ‘the place ...of the monkey’

Based on Hyman (1979)’s observation that the upstep affects a whole series of Hs, we assume the structure in
(12), where there are several underlying Hs preceding the *H but on the surface, it is a single H that multiply
associates while undergoing upstep. This assumption is mainly motivated by the fact that there is no report
of there being several upsteps before the downstep. That is, if the anticipatory upstep only raises the series of
preceding Hs one step up, it must then be the case that all preceding Hs act like a single H. This reading leads
to a crucial assumption we make about the Amo data, that OCP is enforced among adjacent surface H tones
(Leben, 1978) that are realized at the same pitch level. This provides a motivation for the assumption that
the non-associated tones delete on the surface. Furthermore, Odden (1986) argues that any OCP enforcing
language must have an explicit mechanism to collapse adjacent identical tones into a single tone. Under
this view, a tone collapsing (or deleting) mechanism will have to exist in Amo and may be independently
motivated but we abstract away from showing it here.

(12)  pp pppp ppp R
‘ ‘ W V | R ‘ L‘_/_/_;,,‘c:_—;_:_,__ ‘
LH H H *H L'H ‘H

(input) (output)

Because we assumed that downstep is readily accessible to the upstep process, the logical character-
ization of the anticipatory upstep uses signatures extended with *and *, indicating upstep and downstep,
respectively. The input signature of Amo is thus S,,; = {L,"H, H,p,s,a} and its output signature is
Sajo = {L','H',"H',H',p',s',a'}, where we use H, *H, as clearer notational variants of the unary
predicates Py, Py, etc. The anticipatory character of the process clearly shows that the trigger is

4
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unboundedly to the right, so the function reads symbols from right-to-left. The transduction for this process
has two parts, the first of which has three (3) disjuncts: the first part defines the underlying associations that
survive in the output and the tone that is multiply associated, while the second part defines when an H upsteps
on the surface.

The first disjunct of the first part, shown in (17)a, is repeated in (13) below.

(13) (L(y) V*H(y) V L(s(y))) Aa(z) =~y

According to (13), for z and y to be associated in the output, they must be underlyingly associated (i.e
a(x) =~ y) and y must either be L or *H or the successor of y must be L (i.e L(y) V *H(y) V L(s(y))). The
second disjunct in (14) requires that  and y be underlyingly associated (i.e «(z) = y) and that the successor
of y be 'H (i.e *H(s(y))). According to this disjunct, only the last H of any unbroken stretch of Hs will
survive in the output. This is the part that enforces the Obligatory Contour Principle (OCP).

(14) *H(s(y)) Na(z) =y

The third and last disjunct shown in (15) requires that the position z is associated to, be labelled H (i.e
H(«(x))) and that the successor of y be *H (i.e *H(s(y))), and last but not least, that the successor of
be associated to y in the output (i.e o'(s(z)) =~ y). Because it refers to the output, the latter part encodes
iterative association, which results in multiple association.

(15) H(a(z)) A H(s(y)) Ao/ (s(z)) =y

The second part of the transduction, shown in (17)b and repeated in (16), defines an uptstep y as one
whose immediate successor is a *H (i.e *H(s(y))). When the stated condition is met, this second part upsteps
the multiply associated H tone that precedes the *H, yielding a multiply associated "H.

(16) "H(y) = H(x) A "H(s(y))
The complete transduction for the anticipatory upstep in Amo is presented in (17) below.

(17) a d(z)=y e

b. "H(y) = H(x) A *H(s(y))
Note also that L' (z) = L(z), *H'(z) = *H(z), and H'(z) = H(z) A L(s(y)).

A derivation for the example in (11)-b is given in (18) with a reduced number of syllables for simplicity.
Note that the unassociated tones deleted in the output AR in (18), as discussed above.

(13) B fe fo B B e f B e
[ 4 T I I e AN O N
LH HH'H LH HH'H LH HH'H LH HH'H
(Input)

Hp e e Bpp e e Ly )

_ RN - T T

LH HH'H LH H'H*H L "H'H

(output)

This successfully creates a span of upstepped H tones exactly in the case in which they are followed
by a downstepped H tone. Note that this is crucially accomplished using the OCP, which allows all TBUs
associated to H tones preceding a downstepped H to associate to a single, upstepped H.
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3.2 Unbounded Circumambient Spread in Luganda UTP is a non-myopic long distance process
triggered by (at least) two H tones that can be arbitrarily far away from each other. The tonally unspecified
TBUs in-between the two tones are targets to this process by getting realized as H tones (see (19-d)) (Hyman
& Katamba, 2010). The H realization of tonally unspecified TBUs creates an H tone plateau that starts with
the first tone and ends with the second. The double triggers in both directions and their unbounded distance
with each other is what earned UTP its UC process designation (Jardine, 2016).

(19) UTP in Luganda (Hyman & Katamba, 2010)

Input Ouput Gloss

a. /kitabo/ kitabo ‘book’

b. /mutéma/ mutéma ‘chopper’

c. /kisiki/ kisiki ‘log’

d. /mutéma+bisiki/ mutémabisiki ‘log chopper’
e. Unattested: *mutéma-+bisiki -

The UTP transduction (shown in (23)) has three disjuncts that specify the different conditions that need
to be met for x and y to be associated in the output. And because these are disjunctions, they do not have to
be true at the same time. We give the first disjunct below.

(20) afx) =yA first(y)

The first disjunct in (20) states that x and y must be associated in the input, with the condition that y
must be the first element on its tier, the tone tier. This disjunct retains any underlying association to the first
tone, but crucially does not preserve an association to the last tone.

1) o (p(x)) = y A —(last(y) A (last(a(x))))

The second disjunct in (21) requires that the predecessor of x be associated to y given that the position
to which x is associated to in the input, is not last. This conjunct is what captures the actual substance of
UTP. It requires of some z and y that are not associated in the input to be associated if the predecessor of x
is associated to y, where neither y nor the position to which x is associated are last. The requirement that y
can not be the last element guarantees that two H tones will be needed before creating associations between
pairs of elements that are not associated in the input.

(22) last(a(x)) A first(y)

This last disjunct requires that = be associated to the first y if the position to which it was associated to is
last in the input. Note that this last disjunct fixes the fact that the disjunct in (21) excludes the TBU that is
underlyingly associated to the last of the tones to avoid a many-to-one association between the two tones and
a single TBUs. The full transduction for UTP is shown in (23) and a derivation in (24). Similar to the way
we handled non-associated surface Hs in Amo, we assume that the second of the two tones involved in UTP
deletes through an OCP enforcing mechanism.

23) o/ (z)~y X

(a(@) =y A first(y)) V(e (p(x)) = y A ~(last(y) A (last(a(@))))) V (last(a(z)) A first(y))

(@) () (#44)

@4 ppppp o ppppp o ERRRE R i
I I ONE LGN KON @i,
H H H H H H
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3.3 Ternary Spread in Copperbelt Bemba Another UC tone process is found in Copperbelt Bemba,
where the H tone spreads unboundedly to the right unless there is another underlying H that can be arbitrarily
far to the right (Bickmore & Kula, 2013). In this case, the first H only spreads up to three TBUs at most,
obeying the OCP. Since the language has its own OCP enforcing mechanism, which consists of leaving one
unassociated TBU between the two tones on the surface, no additional OCP-enforcing mechanism is needed.
The full QFLFP transduction for the ternary spread, given in (28), has three disjuncts whose meaning is given
in prose below.

(25) a(x) =y Alast(y)

The first disjunct in (25) states that = must be associated to the non-last y in the input, a condition that
preserves underlying associations to the last tone.

(26) o'(p(z) =y Alast(y))

The second disjunct in (26) requires that the predecessor of = be associated to the last y in the output.
This captures the unbounded spreading of the last tone by referring to the output and keeping track of the
tone the preceding TBU attaches to.

27 a(z)=yVa(p(@)) =y Valplp(z))) ~y) A=(s(r) = s(y))

The last conjunct above captures the ternary spread part of the Copperbelt Bemba process. It states that
x and y are associated in the output if they are associated in the input or if the predecessor of x is associated
to y or the predecessor of its predecessor is, such that it is not the case that the immediate successors of both
z and y are associated. The first part of this disjunct limits to three the maximum number of TBUs that can
be associated to a non-final tone (thus the idea of the ternary spread), while the last part of it enforces OCP
by leaving at least one unassociated TBU between two multiply associated tones.

28) o/(x) ~y Y (a(w) ~ y Alast(y)) v (o' (p(x) ~ y) Alast(y)) v

(4) (i7)
((a(z) =y Va(p(x) =y Valpp())) ~y) A-(s
(#4d)

(z) ~ s(y)))

The full transduction is shown in (28) and a derivation in (29).

(29) Iy a. ' Iy MR o HHp
o 0N | o, . (39

H H H H H H H H
(input) b. Iy M Iy

(#4) ! Pe @), 1o e "

H H H H H H

In the derivation, the second H spreads unboundedly to the last TBU, while the first H only spreads twice.
Since the ternary spreading respects OCP, it always leaves one unassociated TBU between the two tones, even
if this means spreading once or not at all. The transduction in (28) captures this through —(s(z) ~ s(y)).

4 Discussion

In this paper we present a characterization of unbounded circumambient tone processes using the
Quantifier-Free Least Fixed Point operators, which correspond to a subset of subsequential functions, namely
the output strictly local functions (Chandlee & Jardine, 2019b). UC processes are demonstrably properly
regular (Jardine, 2016), and in order to capture them using a logic that corresponds to a subregular class in
the Chomsky Hierarchy, we need to find a way to increase the expressivity of our system without making it
overly powerful. One way, presented in this paper, to achieve this is to enrich the representation by adopting
autosegmental representations (Goldsmith, 1976) over string representations.
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However, using autosegmental representations as association functions seems to suggest that we can
only capture multiple associations of tones or contours, but not both. This is because functions only allow
for either many-to-one or one-to-many associations. Using relations instead of functions would allow for
both types of associations, but relations will make key parts of the syntax used in the above transductions,
impossible. For instance, a predicate like H («(x)), which points to the position to which « is associated can
not be expressed using a relation. One way to get around this problem is to allow for two different association
functions, one that enforces the one-to-many associations, deriving multiply associated tones and another that
enforces the many-to-one associations, deriving contours tones. Having a different function for each of these
processes supports the idea, argued for in Zoll (2003), that multiple association and contour formation are
two distinct phenomena. While it is possible for the two functions to interact, analysing the nature of their
interactions is beyond the scope of this paper.

The current results suggest that ARs do not only ‘resolve certain formal and substantive problems’ in
generative phonology as argued by Goldsmith (1976:2), they also and most importantly have a bearing on the
expressivity of the processes they model. As such, they provide a straightforward way of extending the notion
of subsequentiality to the otherwise non-subsequential tone processes without increasing the expressive power
of the logic needed for that purpose. Furthermore, the subregular hypothesis put forth for phonology by Heinz
(2018) and according to which phonological processes belong to restrictive and well-defined areas of regular
stringsets and maps, seems to hold even for complex tone processes. This combination of QFLFP logic and
ARs seems to carve out a new class of functions within the subregular region. This class includes the complex
UC processes discussed above (i.e UTP in Luganda and the Ternary Spread in Copperbelt Bemba) in addition
to local processes.

Despite the clearly more expressive character of this new class, it is unclear what the upper bound to its
expressivity is; that is, a full investigation of the other patterns it can capture is yet to be conducted. One way
proposed in Koser et al. (2019) to constrain its expressivity, is to allow either the predecessor or the successor
functions (but not both) in the recursive bit of the QFLFP logic.! This was shown to prevent the logic from
generating the undesirable structure with massively crossing association lines (Koser et al., 2019:9). Whether
further restrictive measures are necessary is left for future work. Recent work by Dolatian & Rawski (2020)
pursue a very similar class of functions, the Multi-Input Strictly Local (MISL) class of functions, with an
empirical coverage that appears to be similar to the one carved out by the QFLFP+AR system. Furthermore,
Jardine (to appear) defines an OCP-driven class of formal grammars called the Melody Local (ML) grammars.
Current work is studying how the MISL and ML grammars can be combined to create a restricted class of
autosegmental functions. Work along these lines will further shed light on our understanding of the right
characterization for tone and the interplay between representation and computation.

5 Conclusion

In conclusion, enriching the representation by shifting from a string-based representation to ARs allows
us to use the same logical power for both segmental and tonal processes. Although this work shows
that QFLFP over ARs is strictly more expressive than the subsequential class that QFLFP corresponds to
(Chandlee & Jardine, 2019b), how much more expressive is an open question. While QFLFP logic is
restrictive in that recursion can only be defined locally, future work will characterize exactly the range of
processes definable by QFLFP over ARs. A related question is whether this class can distinguish Copperbelt
Bemba from ‘true’ sour-grapes spreading (Pater, 2018; O’Hara & Smith, 2019). Regardless, it is clear that
computational study confirms the notion from phonological theory that representation matters.

! From the perspective of implicit definitions, the recursive part is the part of the definition that refers to the output.
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